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1 Definition

z=(a+ib)+ j(c+id) = a+ib+jc+ijd=r*e® +j-pxe¥

i2 -1
2 o=
(1= 1
i-j =j-i

e'* = cos¢p+i-sing
e’® = cos¢p+ j-sing
€% = cosh ¢ 4 ij - sinh ¢

a =71 %coso
b=rxsing
c = p*cosy
d = p*siny

2 Addition and subtraction

= (a1 + Zbl) +j(01 + Zdl)
= (a2 + ib2) + j(c2 + ids)

u+v=(a+1b) + j(c+id)
= a; + a2
=b + by
C1 +CQ
u—v=(a+1b) + j(c+id)
ap — az
by — by
C1 — Co

di — da

L0 e n g
1| Il

Q0 oo
I

3 Multiplication

U= (a1 + ’Lbl) —|—j(61 + Zd1) = aq +1ib; + je1 + Zjd1
v = (ag +1ba) + j(co + id2) = as + iby + jco + ijdo

z=uxv = (a+1b)+ j(c+id)
a=a; *xay — by xby —cy *xca + dy *xdo
b=a; *by +b; xay —c1 xdy — dy *
c=a1 *Ccy — by xdy +c1 ¥ ay — dy x by
d=a1 *dy + by *xcog +c1 *x by + di *x as
(@ + ib) * (a — ib) = a® + b?
(a + jb) x (a — jb) = a® +b?
(a + ijb) * (a — ijb) = a® — b?
a+1ib+je+ijd) *x (a+ib+jc+1ijd) =a* — b —c* +d*+1-2(ab—cd) + j - 2(ac — +1)-2(ad+bc) =z
b d ib+ j ijd 22—+ d*+i-2(ab—cd j -2 bd) +1ij - 2(ad+ b 2
a—+1tb+ jc+1jd) * (a+1b— jc—1j =a’ - +c +11-2(ab+c
b d ib—j ijd b? —d?+i-2(ab+cd
(a+zb+]c+zgd)*(a—ib—l—jc—i]d)—a +b2 —c?—d?+j-2(ac+ bd)
a—+ib+jc+1 *(a—1—jc+1 =a?+ b2+ E+d*+i a C
(a+ib+ je+ijd) * (a —ib — jc + ijd) b? d* +ij - 2(ad — be)
a+1tb+ jec+1ijd) * (a+ b+ jc— 1y +1-2ab+ 7 - 2ac+ 1) - 20c
b d b+ j ijd —d?+i-2ab+j-2 ij - 2b
(a+zb+]c+zyd)*(a+z’b—jc+z’]d)—a —b2+c +d?>+i-2ab—j-2bd+ij - 2ad
(a+ib+je+ijd) * (a—ib+ je+ijd) =a® +b*> — c? +d* —i-2cd+j-2ac+ij - 2ad
(a+ib+ je+ijd) * (a —ib— je—ijd) = a® + b* + 2 —d2—|—z 2cd + j - 2bd — ij - 2bc



4 Reciprocal

4.1 <ij>
(a+ib+ je+ijd) x (a —ib— je+ijd) = a® + b* + ¢ + d® +ij - 2(ad — be)

1 o a—1ib— jc+ijd

— b d =

a+ib+ je+ijd g+t et e a?+ b2+ c2+d?+ij-2(ad — be)
V=a+b+c%+d V —U =(a—d)?+(b+c)?
U = 2(ad — bc) Vv +U (a+d) +(b—c)?
F=1/(V?-U? & = ((a=d)?*+ (b+¢)?) = ((a+d)*+ (b —¢)?)

1 _a—z’b—jc—l—md_(a—zb—gc—&-ijd)*(V—ijU)
a+ib+ je+ijd V +ijU B V2 - U2
(a —ib—je+ijd) « (V —ijU) = (aV —dU) +i- (=bV —cU) + j - (=bU — V) +ij - (—aU +dV)
a=Fx( aV —dU)=F=x( aV —dU)
b=Fx«(—bV —cU) =Fx(—0bV — cU)
c=F«(—-bU —cV)=Fx(—cV —bU)
d=F«(—aU +dV)=F=x( dV — al)
at+d= F+«Vx(a+d) —U=x(a+d)) Fx(V—-U)x*(a+d)
b—c= —Fx«(Vx(b—c) —Ux(b—c) = —Fx(V-U)x(b—c)
a—d= F+«(Vx(a—d)+Ux(a—d)= F*x(V+U)x*(a—d)
btc= —Fx(Vx(b+c) +Ux(b+c) = — Fx(V+U)x(b+c)
4.2 <i>
(a+ib+ je+ijd) * (a+ib— je—ijd) =a? —b*+c® —d* +i-2(ab+ cd)

1 I a+ib— je—ijd
a+1ib+ je+ijd @+t et e a?—b>+c2—d?2+i-2(ab+ cd)
V=a?-b+c*—-d?

U = 2(ab + cd)
F=1/(V24+U?

1 _a+ib—jc—ijd (a+ib—jc—ijd)* (V —iU)
a+ib+je+ijd V+iU B V24 U2
(a+ib—je—ijd) s (V —il) = (aV +bU) +i - (—alU +bV) + j - (—=¢V — dU) + ij - (cU — dV')
a=Fx( aV +bU) =Fx( aV 4 bU)
b=Fx(—aU +bV) =Fx( bV —al)
c=Fx«(—-cV —dU)=Fx*(—cV —dU)
d=Fx( U —dV)=Fx(—dV + cU)

4.3 <>
(a+ib+ je+ijd) * (a —ib+ je—ijd) = a® +b* — ¢ — d*> + j - 2(ac + bd)

1 o a—ib+je—ijd
a+ib+jc+ijd_g+zb+]g+”d_a2+b27027d2+j~2(ac+bd)
V=a?+b—-c*—d°
U = 2(ac + bd)

F=1/(V?*+U?

1 a—ib+je—ijd (a—ib+je—ijd)x (V —jU)
a+ib+ je+ijd V+4U B V2 +U?
(a—ib+jec—ijd)x (V—3U)=(aV+cU)+i-(=bV —dU)+j - (—aU +cV) +ij - (bU — dV)
a=Fx( aV+4+cU)=Fx( daV + cl)
b=Fx(—-bV —dU) =Fx*(—bV —dU)
c=Fx(—aU + V) =Fx( ¢V —al)
d=Fx( b —dV)=F=x(—dV +bU)



4.4 Exceptions

z =a+ib+je+ijd= (a+1ib) + j(c+id)
1/z =a+ib+jc+ijd

a=Fx( aV —dU)
b=F=x*x(—bV — cU)
c=Fx(—cV —bU)
d=F+( dV —al)

a=d#0ANb=—-c#0
z=a(l4+1ij)+b(i—j)=a+ib—jb+ija= (a+ib)+ j(—=b+ia)

a=-d#0ANb=c#0
z=a(l—4j)+b(i+j)=a+ib+ jb—ija= (a+ib)+jb—ia)

3)a=d=0Ab=c#0
2= b(i+j) = ib+ jb

4)a=d=0ANb=-c#0
2 = b(i — j) = ib— jb

5)b=c=0ANa=d#0
z=a(l+1ij) =a+ija

6)b=c=0ANa=—-d#0

z =a(l —ij) =a—1ija
Na=b=c=d=
z=0



5 Conjugate < ij >

5.1
z = (a+ib)+jlc+id) = a+ib+ je+ijd
zi = (a—ib) +j(c—id) = a —ib+ jc—ijd
zj = (a+ib) — jlc+id) = a+ib— jc—ijd
Zij = (a —1ib) — j(c —id) = a —ib— jc+ijd
5.2

¥ 2 = (a+ib+je+ijd) * (a —ib+ je — ijd) = a® +b* — ¢ — d* + j - 2(ac + bd)
¥ z; = (a+ib+je+ijd) « (a+ib— jec—ijd) = a* = b* + ¢ — d* +i-2(ab + cd)
* Zi; = (a+ib+ jc+ijd) x (a —ib— jec+ijd) = a®> +b* + 2 +d* + ij - 2(ad — bc)

Zij * zi = (a—ib—jc+ijd) * (a —ib+ jc—ijd) = a®> —b* +c* —d* — i - 2(ab+ cd)
Zij * z; = (a—ib— je+ijd) x (a +ib— jc—ijd) = a®> +b*> — * — d* — j - 2(ac + bd)
zi xz; = (a—ib+ je—ijd) = (a+ib—jc—ijd) = a®> +b* +  +d* —ij - 2(ad — be)

(zxZij +Zi%2Zj) =a® + b2 + 2 +
(zx 2+ 2% 2) =a® + b2 — 2 — &

(z%2j+Zjx7) =a®> —b* + * — d?

N — N~ N~

6 Dot product < u,v > (+,+,+,+)

z =a +1ib + jc +ij5d
Zij:a—ib —jC +Z]d
Zi =a —1ib + jc —ijd
% =a +ib —jc —ijd
U :a1+ib1+j61+ijd1
U;j = a1 — iby — jer + ijdy
u; = ap — by + jer — ijdy
’(_Lj =a1+ib1 —jCl —ijd1

v = as + tby + jco + 1jds
Uiy = ag — by — jca + ijdy
v; = ag — iby + jco — Z]dg
v = a2 + ZbQ — jCQ — Z]dg

def L
4
< u,v > = ajas + b1by + c1co + dids

<u,v> ((u*@ijjtumij)+(ai*@j+@i*ﬂj)>

def 1 _ -
< z,z> = Q(z*zij—kzi*zj)

<z,z2> =a>+bP+E+d?



7 Conjugate < bed >
7.1

z a + ib + je + ijd
Zg =a + b+ jec — ijd
Ze =a+1b— jc+ ijd
Zed =0+ 1b— jc—ijd=2% = (a+1ib) —j(c+id)
Zy =a—1ib+ jc+ ijd

Zpg = a — ib+ je —ijd = z; = (a—1ib) + j(c —id)

Zpe =a —ib — je+ijd = Z;; = (a —ib) — j(c —id)

Zbed = @ — 1b — jc — 1jd

7.2

z xzg =a?—b—c?—d*+i-(+2ab) +j - (+2ac) +ij - (+2bc)
Zbe * Zhed = a2 —b? — ? —d% +i- (—2ab) + j - (—2ac) +ij - (+2bc)
Zoa * 2 = a®—b%—c® —d%>+i-(—2ab) + j - (+2ac) +ij - (—2bc)
Zed ¥ Ze = a?—b*—c® —d®+i-(+2ab) +j - (—2ac) +ij - (—2bc)

1
Z(Z*Zd+2bc*zbcd“l‘zbd*zb“f‘zcd*zc):(a2_b2_62_d2)

7.3

2k Zpeg = a2+ —d? 40 ( ) ( ) ( )

Zhe ¥ 2g = al+ b2+ —d?+i-(—2cd)+ 7 (—2bd) +ij - (—2bc)

Zod * Ze = >+ 0P+ —d® 4 i (—2cd) (+2bd) + ij - (+2bc)
(+2cd) (—2bd) (+2bc)

Zea*x % =a’+b2+c2—d2+i-(+2cd) +j-(=2bd) +ij - (+2bc
1

Z(z*ébcd—l—ébc*Zd—i—ébd*ic—l—icd*éb):(a2+b2+62—d2)
7.4

z=a +ib + jc + ijd

u=a1+ib1—|—jcl+z'jd1

v = ag + iby + jco + ijds

1

Z(z*zd+zbc*zbcd+zbd*2b+zcd*zc):(aQ—b2—c2—d2)

((U*T/d+v*ﬂd) + (@be * Vped + Upe * Ubed ) + (Wb * Uy + Vpa *Up ) + (ﬁcd*l_}c-l-@cd*ﬁc)) = (a1a2 —baby —c1co —dyd)

0| =

(2 % Zbed + Zpe * Zd + Zbd * Ze + Zea * %) = (a® + 0> + 2 — d?)

RNy

1
3 ((u*@bcd—i—v*ﬂbcd) + (e * Vg + Upe *Ua) + (Upa * Ve + Vpa #Uc) + (acdmb+@cd*ab)> = (ajag+boby+cica —dids)



8 Dot product < u,v > (+,—, —, —)

z=a +ib + jc + ij5d
u = ay + iby + je1 + ijdy
v = ay + ibs + jco + ijds

1
<uv>H 2 <(u*17d + v % Ug) + (Upe * Vped + Vbe * Upea) + (Ubd * Up + Upa * Up) + (Ued * Ve + Vea *ac))

<u,v> = ajaz — b1bs — c1ca — dida

def1 _ _ _ _ _ _ _
<z,z> = 1(z*zd—i—zbc*zbcd—l—zbd*zb—i—zcd*zc)

<zz> =a?—b> - - d?

9 Dot product < u,v > (+,+,+,—)

z=a +1ib + jc + ijd
u=ay + iby + je1 + ijdy
v:a2+ib2+j02+ijd2

def 1

<wv>= 2 ((u*@bcd+v*abcd) + (@pe * Va + Vpe * Ua) + (Ubd * Ve + Vpa * Ue) + (Ueq * Uy + Vea *ﬂb))

< u,v> = aijas + bibs + crco — drds

def 1 _ o
<z, z> = 1(Z*Zbcd+zbc*zd+zbd*zc+ch*zb)

<z,z2> =a>+b2+c2—-d?



10 Multiplication table

10.1

z

a + b + jc + ijd

Zg =a+ b+ jec — ijd

Ze =a+ 1b— jc+ ijd

Zed = a +1b — jc—ijd = z; =

2y =a
Zbd = Q
Zbe = Q
Zbed = @
10.2

z * Z
z * zd
Z k% Ze
Z ok Zed
Z  *Zp
Z % Zpg
Z ok Zpe
z * Ebcd
Zq * 2
Zd * Zq
Zd * Z¢
Zd * Zed
Zd * Zp
Zd * Zbd
Zd * Zpe
Zd * Zbed
Ze * Z
Ze * Zq
Ze * Ze
25 * Ecd
Ze * Z2p
Ze % Zpd
Ze * Zpe
Ze % Zped
Zed * 2
Zed * Zd
Zed * Ze
Zed * Zed
Zed * Zb
Zed * Zbd
Zed * Zbe
Zed * Zbed
Zp * 2
2y * Zq
2y X Zc
Zb * zcd
Eb * Eb
2y * Zpd
2y * Zpe
Zp X

ib + je + ijd

ib — je — ijd

=a2+b2—02+d2+z
=a?+b-c2—-d*+j-

(a +ib) — j(c + id)

(a —ib) + j(c —id)
Zb — jC =+ ’Ljd = zij = (afzb) 7](Cfld)

a?—v?* -+ d*+i- (+2(ab— cd)) + 7 (+2(ac — bd)) +ij - (+2(ad + bc))
a? = b —c*—d®+i-(+2ab) +j - (

a? =+ +d?+i(+2ab) +j- (—
=a> -+ -d*+i- (+2(ab—|—cd))
(=
(

+2ac) +ij - (+2bc)
2d) + ij - (+2ad)

2cd) + j - (+2ac) + ij - (+2ad)

+2(ac+ bd))
a®+ b2+ +d? +ij - (+2(ad — be))

=a®+ 0+ —d®+i (+2cd) +j - (+2bd) +ij - (—2bc)

=a? -0 - —d®+i- (+2ab) +j - (+2ac) +ij - (+2bc)
= 2—b2—c +d*+i-
=a> - +A-d*+i-

=+ - +d2+i-
=a? 4+ +E-d?+i-

=a? -V +E+dP+i-
=a? -V +EA-d*+i-
=a?-0V -+ +i-
=a> - -2 -d*+i-

(+2
(+2

a?—b2+c*+d*+i-(+2ab) + 5 (
:a2+b27027d2+] (+2 (acfbd))

(
(=

a2+ b2+ +d?+ij-(—

(
(
(
(+

(ab + cd))
(ab — cd))
+2bd) + ij - (—2ad)

+ 7 (+2(ac+bd)) +ij - (—2(ad — be))

+2cd) + (—|—2ac) J - (—2ad)
2ed) + 1 (~2bd) + 15 - (~2bo)
(ad—|— be))
+2ab) + j - (—2bd) + ij - (+2ad)
2(ab — cd))
2(ab+ cd)) + j - (=2(ac + bd)) +ij - (+2(ad — bc))

2ab) + j - (—2ac) +ij - (—2bc)

a?+ 0>+ +d*+ij - (+2(ad + be))

a?+ 0+ —d*+i-(—2cd) +j - (+2bd) +ij - (+2bc)
=a?+b? -+ d?>+i-(+2cd) + 5 - (—2ac) +ij - (+2ad)
=a?+ b —c—d*+j-(—2(ac— bd))
=a? -+ —d®+i (+2(ab+ cd))
=a? -+ +d®+i (+2ab) +j - (+2bd) +ij - (—2ad)

=a?--2-d?+i-
=a?2-V -+ +i-
=a’+ b2+ -d2+i-
=a?>+b2+ A +d>+ij-

(
(
(
(
(

a2+ -2 —-d*+j- (-

i
+2ab) +j - (— 2ac) +14j - (—2bc)
+2(ab — cd)) +j-(—2(ac —bd)) +ij - (—2(ad + b))
2

2cd) + 7 - (—
—2(ad — be))
2(ac + bd))

bd) + ij - (+2bc)

=a? 4+ - +d*+i (—2cd)+j-(—2ac) +ij - (—2ad)

=a?>+b? -+ d?>+i-(=2cd)+ 7 (+2ac) +ij - (+2ad)
=a?+b?—c2—d>+j (+2(ac—bd))

=+ 4+ -2+
=a —b2—02—|—d2+z
=a2-0 -2 —-d>+i-
= 2—I;2+c +d>+i-

Zbed =

a2 -+ -d>+i-

(+
(=
(=
(=
(=

a?+ b+ c*+d*+ij - (+2(ad + be))

20d) + j - (~2bd) +ij - (+2bc)

2(ab + cd)) J - (+2(ac +bd)) +ij - (+2(ad — bc))
2ab) + (+2ac) + 15 - (—2bc)

2ab) + j - (+2bd) + ij - (+2ad)

2(ab — cd))



Zbd
Zbd
Zbd
Zbd
Zbd
Zbd
Zbd
Zbd

Zbe
Zbe
Zbe
Zbe
Zbe
Zbe
Zbe
Zbe

Zbed
Zbed
Zbed
Zbed
Zbed
Zbed
Zbed
Zbed

* X X X X X X ¥ * X X X X X X ¥

L T S S R

[
e
w

Zd

zcd
Zp
Zbd
Zbe
Zbed

Zbed

Zed
Zp
Zbd

IS
f=al il
o (3]
1<%

L O SR S

S G R S G SR

L G T S S SR R

Zd

Zed
Zp
Zbd
Zbe
Zbed

Zbed

Zd

Zed
Zp
Zbd
Ebc
Zbed

Zbed

Zbd

2b
Zbd
zbc
Zbed

Zed

a? 4+ b2 — 2
a? 4+ b —

a2+b2+c2+d2+z‘j
a2—b -2 —d?+i.
a2—b2—c +d®+i-
-+ -d?+i-
a? -4+ +d>4i-

a?+ b2+ +d*+ij-
a2+ +2—d?+i-
a?+ b —c+d®+i-
a2+b2—c2—d2+]

— A+
az—b2—|—c —d>+i-
a? =0 - +d*+i-
a?—b -2 —d?+i.

—d?+j-
A+d>+i-(+2cd) + 5 - (+2ac)+‘j (—2ad)
a2+ 4+ —di+i-

(+2(ac + bd))

(—2cd) + j - (+2bd) +
(—2(ad — be))

2ab) + 5 - (+2ac) +ij -
J-(+2(ac—bd)) +ij - (

(=

(—2(ab — cd)) +
(— 2(ab+cd))
(—2ab) + j - (—2bd) +ij -
(+2(ad — bc))
20d)+]

(— (—2bd) +
(+2cd) + 7 - (—

)

)

2ac) +
(— 2(ac+bd))
(—2ab) + j - (+2bd) +ij -
(— 2(ab+cd)

(~2(ab— cd) + - (-
(—2ab) + j - (—2ac) +ij -

J - (+2bc)

(—2bc)

(—2ad)

j - (—2bc)
J - (+2ad)

(+2ad)

(++2bc)

a? +0%+c%—d?+i-(+2cd) + 7 - (+2bd) + ij - (—2bc)

a?+ b2+ +d?+ij-

a2+b2—02—d2+3
a2—|—b2—c2+d2+z
b4+ —d?+i-

a2 B4+ +d?+i-
-0 -2 —-d?>+i-
a2 —-+d?+i-

a?+ b2+ +d?+ij-
A+ 4+ +d+i5-
a?+b02 4+ +d>+ij-
a? + b2+ +d®+ij-
a?+ b2+ +d?+ij-
a?+ b2+ +d?+ij-
A+ 4+ +d>+i5-
A+ +E+d®+ij-

a?+ b2+ —d?>+i-
—d?>+i-
—d?+i-
a2+ +c—d*+i-
a2+ +c—d*+i-
—d*+i-
—d®+i-
a+br+cE—d*+i-

a? +b% + 2
a?® + b2 + 2

a? +b% + 2
a® + b2 + 2

a? + b —
a?® + b —
a +b% —
a® +b% —
a® +bv? —
a’® + b% —
a? + b —
a? +b% —

A+d®+i-
A+d®+i-
E+d®+i-
A+d?+i-
AHd®+i-
A+d®+i-
A+d?+i-
E+d®+i-

(—2(ad + b))
(—2(ac — bd))
(—2cd) +j - (—2ac) +ij -
(—2(ab— cd))

(—2ab)+j - (—
(—2ab) +j - (-

(— )

2(ab + cd) +7- (=

10

2bd) + i -
2ac) +ij -
2(ac+bd)) +ij - (

(—2ad)

(—2ad)
(++2bc)

—2(ad + be))

2(ac —bd)) +1ij - (+2(ad + be))

—2(ad — be))



2 ok Zyy =a?+ b —ct—d?>+ 5 (+2(ac+ bd))

Zg *zy, =a?+b—c2—d?>+ 5 (+2(ac—bd))

Ze  * Zpea = a2+ 02— —d? + 5 (=2(ac — bd))

Zed * Zpe = a?+ b2 —c2—d?>+ 5 (—2(ac+ bd))

Zy xzZ4 =a?+b?—c*—d*+j(+2(ac—bd))

Zhg ¥z =a?+b—c2—d?>+ 5 (+2(ac+ bd))

Zhe * Zeq = a?+ b2 —c?—d?>+ 5 (—=2(ac+ bd))

Zhed * Ze = a?+ b2 —c?—d?+ 5 (—2(ac — bd))

2z %z, =a> -+ +d>+i-(+2ab) +j - (—2bd) +ij - (+2ad)

Za * Zeg = a?—b*+ A +d*+i- (+2ad) + ‘~ (+2bd) + ij - (—2ad)

Ze vz =a? -0+ E+d*+i-(+2ab) +j - (—2bd) +ij - (+2ad)

Zed ¥ Zg =a?—b 4+ +d®+i-(+2ab) + 5 (+2bd) +ij - (—2ad)

Zy x Zpe =a?—b>+cE+d?+i-(—2ab) + ‘-(+2bd) +1ij - (+2ad)

Zhd * Zbed = a2 — b2+ 2+ d? +i- (—2ab) + j - (—=2bd) +ij - (—2ad)

Zoe * 2 =a?—b*+cA+d*+i-(—2ab) + ‘~(+2bd)+z’j-(+2ad)
Zhed * Zpa = a? — b2+ +d?+i-(—2ab) + 5 (=2bd) +ij - (—2ad)

z kZyg =a?—b 4+ —d®+i-(+2(ab+ cd))

Zg *Z. =a?—b 4+ —d®+i-(+2(ab— cd))

Ze xzZg =a’>—-b*+c—d>+i- (+2(ab— cd))

Zea ¥ 2 = a?—-b+c—d*+i-(+2(ab+ cd))

Zy % Zpea = a® — b+ —d* +i-(—2(ab— cd))

Zhd * Zpe = a? —b 4+t —d?>+i-(—2(ab+ cd))

Zhe * Zpg = a? —b 4+t —d?+i-(—2(ab+ cd))

Zhed * 2y = a? —b 4+ —d?+i-(—2(ab— cd))

z xz =a?-b - +d®+i-(+2(ab—cd)) +j- (+2(ac — bd)) +ij
Zg *Zg =a?—b —c+d®>+i-(+2(ab+cd)) +j - (+2(ac + bd)) +ij
Ze %z, =a?—b - +d®+i-(+2(ab+cd)) +j - (—2(ac + bd)) + ij
Zed * Zeq = a® b — 2 +d?+i- (+2(ab —cd)) + '- (—2(ac — bd)) + ij
Z xzy, =a?—-b> -2 +d>+i-(—2(ab+cd)) +j - (+2(ac+ bd)) +ij
Zoa * Zpg = a? — b2 —c+d?+i-(—2(ab—cd)) +j - (+2(ac — bd)) + ij
Zhe * Zpe = a?—b*—c+d?+i-(=2(ab—cd)) +j - (—2(ac —bd)) +ij
Zhed * Zhed = a2 — b2 — 2+ d® +i- (=2(ab+ cd)) + j - (—2(ac + bd)) + ij
2z xzg =a?>—b>—c—d>+i-(+2ab)+j- (+2ac) +ij - (+2bc)

Zg xz2 =a?>—b>—c—d>+i-(4+2ab)+j- (+2ac) +ij - (+2bc)

Ze *k Zeqg = a?—b>—c2—d*+i-(+2ab) +j - (—2ac) +ij - (—2bc)

Zea * Ze =a’—b—c2—d*+i-(+2ab) +j - (—2ac) +ij - (—2bc)

Zy *kZpg =a?—b —c*—d?+i-(=2ab)+j- (+2ac) +ij - (—2bc)

Za *Zy =a?—b%>—c?—d?+i-(—2ab)+j- (+2ac) +ij - (—2bc)

Zhe * Zped = 0% —b? — ? —d? +i- (=2ab) +j - (—2ac) +ij - (+2bc)

Zhed * Zpe = a® —b% —c —d?+i-(—2ab) + j - (—2ac) +ij - (+2bc)
10.4

a+b*+cA+d>=1/2.
a2+ +cA+d>=1/2.
a2+ +ct-d*>=1/4-

(2 * Zpe + Zpd * Zed)
(Zb * Ze + Zd * Zbed)
(2 % Zbed + Zb * Zed + Ze * Zbd + Zd * Zbe)
a?+ 02—+ d? =1/4- (2% 2y + Ze * Zpe + Zd % Zod + Zed * Zbed)
a?+ 0% —c? —d? = 1/2 (2% Zpg + Zbe * Zed)
(12—|—b2—62—d2 =1/2-(Zp * Zqg + Zc * Zbed)
b2+ d? =1/4 (2% Z. + 2y * Zpe + Za * Zed + Zbd * Zved)

(2 * Zed + Zbe * Zbd)

(Zb * Zbed + Zc * Zd)
(2% 2+ Zpe * Zpe + Zbd * Zod + Zed * Zed)
(Zo % Zp + Ze * Ze + Za % Zd + Zbed * Zbed)
(2% Zg + Zp * Zbd + Ze * Zed + Zbe * Zbed)

2 P+ -d?=1/2-
a?-v+F—-d*>=1/2-
a?—b - +d>=1/4-
224 d?=1/4-
a2 - —ct—d>=1/4.
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11 Exponential form

z=(a+ib)+j-(ct+id)=r*e®+j-pxe
z = |z] % elatiB+ijy — Ry etatiB+ijy

e =cosa + isina
e’ =cosfB + jsinp
e¥7 = coshy + 4jsinh~y
€] = |e??| = [e?] =1
i eiﬂ'/2

j — ejTr/Q

Z] — e(i+j)7r/2

sinhy + ij coshy = ij - (coshy + ij sinh~y) = ij - %7
sinh vy + ij coshy = eli+)m/2+ijy

z = R+ (cosa +isina) (cosf + jsin B) (coshy + ij sinh )
z = R+ (cosacos S+ isinacosf + jcosasinf + ij sinasin 8) (cosh~y + ij sinh )

(

(

a = R* (coshycosacosf + sinh~sin asin f)

b = Rx* (coshysinacos B — sinh~cos asin )
( )
(

d = Rx (coshysinasin 8 + sinh+y cos«cos )

¢ = R# (coshycosasinf — sinh~ysinacos 8

a+d=Rxet xcos(a—pf)
b—c = Rx*xe™ xsin(a—f)
a—d= Rxe 7 xcos(a+ )
b+c = R*e 7 xsin(a+ 3)

a+d +(b—c¢) =R?
—d)?+ (b+¢)? = R?

/—/H

a? + 0>+ 2 +d> = R%xcosh2y
2 (ad — be) = R? * sinh 2

h—

tan(a — 8 a+(ci:arg(a+d7b—c)
b

tan(a + 8) = atzzarg(a—d,b—kc)

R— i/((a+d)2+(bc)2> * ((afd)2+(b+c)2)

R= (2 + 02 — 4r22 x5 (4 — )

R= </r4+p4+27"2p2*0052(1/1—¢)

(a+d)?+(b—rc)
(a—d)*+ (b+c)?

1
=—-1In
Ty

B 11117“2 + p? + 2rp *sin (Y — @)
1T r2 4+ p? — 2rp*sin (Y — @)
1
a=3 larg(a + d,b— c) + arg(a — d, b+ ¢)]
1
8= 3 [arg(a — d,b+ c) — arg(a + d, b — ¢)]
arg(z,y) = arctan(y, ) = arctan(y : ) = arctan(y/x)

12



11.1
R?2 =724+ p2—2rp-cosf, cosh=?

1
cos@z—p*(rQ—FpQ—RQ)

2r
1
cosf = 25 * (r2 +p? - \/(7"2 + p2)2 — 472p2 x sin’(p — d)))
rp
2., 2 2, 2.2
cosf = Rl (T +p) —sin’(y) — ¢)
2rp 2rp
r? + p? - r?+p°—2rp _(r—p)? >0, r? + p? >1
2rp 2rp 2rp 2rp

(co80)min =0
r? 4 p? (T2+02>2 -
2rp 2rp N

(co80)maz =

1)
(cos ) maz = el >p

(cos ) maz = i, p>T
p

11.2
o Jar o=
T\
o Ja—r ey
B (a—|—d)2—|—(b—c)2

a—ﬁ:arg(a—i—d,b—c)
a+f :arg(a—d,b—i—c)

11.3

7vy=0=

a-d=b-c
R*=a+0*++d°
R = (a+d)* + (b—¢)?
R? = (a—d)’+ (b+¢)?

11.4

p=1v¢=
z=(a+ib)-(c+jd)=ac+i-bc+j-ad+ij-bd=a+i-b+j-c+ij-d
a=a-c

b=0b-¢c

c=a-d

d="b-d

a-d=b-c=a-b-c-d

13



11.5 R=0
z=(a+ib) + j(c+id) = a+ib+ jc+ijd = Rx*elotiftiy

R= i‘/((a—i—d)Q—l—(b—c)z)*((a_d)2+(b+c)2)

R=0
z=(0) x el
Da=d#0Ab=—c#0
z=a(l4+ij)+b(i—j)=a+ib—jb+ija= (a+ib) + j(—=b+ia) = (a + ib) + j(i(a + ib))
6 = arctan(+1)
2)a=-d#0ANb=c#0
z=a(l—1ij)+bi+j)=a+1ib+ jb—ija= (a+ib) + j(b—ia) = (a+ib) + j(—i(a + b))
0 = arctan(—1)
3a=d=0Ab=c#0
z = b(i+j) =ib+ jb = (ib) + j(b)
6 = arctan(—1)
4)Y)a=d=0ANb=-c#0
z=0b(i—j)=1ib— jb=(ib) + j(-b)
0 = arctan(+1)
5)b=c=0ANa=d#0
z=a(l+1ij) =a+ija=(a)+j(ia)
0 = arctan(+1)
6)b=c=0ANa=—-d#0
z=a(l—1j) =a—1ija=(a)+ j(—ia)
0 = arctan(—1)
Na=b=c=d=0
z =

arctan(+4) = +i - 0o

arctan(—i) = —i - 00
I4+d)x(1+ij)=14+ij+ij+1 = 2-(14+14j)
(I+idj) (@ — j)=i—j—j+i = 2-(i—j)
QL+ij)«(1—ij)=1—ij+ij—1 = 0
(L+ij)* (i + j)=i+j—j—i = 0

(t— x4+ =t—j5—j+1 = 2-(i—j)
(0t — j)x( — j)=—-1—dj—ij—1=—2-(1+1j)
(i—*Q-ij)=i+j—j—i = 0

i — HN*x@+ j)=—-14ij—ij+1= 0
(1—ij)* 1 4ij)=1+ij—ij—1 = 0

(1 —idj) (i — j)=i—j+j—i - 0

(1 —ij)« (1 —ij)=1—ij—ij+1 = 2-(1—ij)
Q—if)* (i + j)=i+j+ji+i = 2-(i+j)
i+ j)xQ+ij)=i—j+j—i = 0

i+ j)x@G— j)=-1—ijj+1 = 0

G+ H)x(1—ij)=i+j+j+i = 2-(i+7)
i+ %@+ j)=—1+ij+ij—1=—2-(1—4j)

14



12 Conjugate +

12.1 e+
z = et = (a + ib) + j(c + id)

z = (cosa + isin ) (cos § + jsin B) (cosh~y + ij sinh )

z = (cosacos 8+ isinacosf + jcosasin B + ij sin asin 3) (coshy + ij sinh )
a = coshycosacosf + sinh~ysinasin g

b = cosh~ysinacos S — sinh~ycosasin g

¢ = coshycosasin — sinh~ysin acos g

d = coshysinasin 8 + sinhycosacosf

a+d= et xcos(a— )
b—c = et xsin(a— f)
a—d=e"xcos(a+ )
b+c = e 7 xsin(a+ )

{(a+d)2+(b—c)2

ey

(a—d)?+(b+c)? =e2

V=a?+b%+c%+d?>=cosh2y
U = 2(ad — bc) = sinh 27y

Vi-U?=1
12.2 e—
z = e @7IB~UY = (a +ib) + j(c + id)
zZ = (cosa —isin ) (cos 8 — jsin B) (coshy — ij sinh )
Z = (cosacos B —isinacos S — jcosasin B + ij sin asin 3) (coshy — ij sinh )
a = cosh~vycosacosf — sinhysinasin g
b = —coshvysinacos 8 — sinh~ycosasin 3
¢ = —cosh7ycosasin 8 — sinh~ysinacos 8
d = coshvysinasinf — sinh~ycos acos g
at+d= €77 xcos(a—p)
b—c = —e7 x sin(a—3)
a—d= e x cos(a+B)
b+c = —et xsin(a+ f)

+

(a+d)>+(b—c)’ =e?
(a—d)* + (b+c) = e

2_p?=1
a= aV —dU
b= —-bV —cU
c=—-bU —cV
d=—aU +dV

15



13 Exponentiation

z = (a+1b) + j(c+id)
— R« iatiBtis
= Rx ei(a+7r~k+2ﬂ"m) " ej(6+7r~k+27r~p) " eij'y
— R x et ej,B % e x e(7r~k+27r'm) % e(7r~k+27r'p)
(i) +i(B) _ gilatm)+i(B+m)
_ gilatm)+i(f—m)
_ gila—m)+i(8+m)
— gila—m)+j(B—m)

13.1 ="

2" = R" % el(@n) 4 e(Bn) 4 eii(yn)

13.2  {/z

% — YR+ eta/n) y oi(B/1) y oii(V/n) 4 pi(mk+2mm)/n o oj(m-k+2mp)/n
E =01
m=0,1,...n—1
p=01,..,n-1

(VZ)<op0j0> = VR * /) x d(B/n) x eid(v/m)
(/2)<opmlp> = VR * elaF2mm)/n i (5+2mp)/n y gid(v/m)

)
( %)<1|m|p> = YR x eilatmt2mm)/n y oj(B+mt2mp)/n y oij(v/n)

13.2.1 z

n=2
VZ = (VR * e{@/2) 4 e1(B/2) 4 ¢l (7/2)) 4 eilm-kt2mm) /2 oj(m-kt2mp)/2

= R« ei(‘n’-k—l—27’r~7n)/2 " ej(‘n'-k+27r~p)/2

<ojojo> = R

<ojtjo> = R * el™ = R % (—1)
<opops = R #e?™ = R % (1)
<> = R # el s el = R/

<1j0j0> = R # '™/ 5 e1("/2) = R’ « (if)
<ijos> = R # el/27) 4 ei(/2) = R s (=1) % €™/ 5 37/ = R % (—ij)
<10]1> = R % et(7/2) y gi(m/247) — R! & (_1) £ e8(T/2) 4 o3(T/2) — R (—z’j)

<ijjis = R« im/24m) g @i (7/247) = R! & ¢8(7/2) x €3 (7/2) = R/ x (i)

N N N N 2NN N
5539 $5353
—

) =R % (£1)
— R+ (£i))

55

<0‘0|0> = \/E ES ei(a/Z) * e](ﬂ/2) * eij('Y/Q)
<o1jo> = — VR (/2 5 e1(B/2) y 1 (1/2)
= \/E * ei(o‘/2+7"/2) * ej(ﬁ/2+77/2) * eij('Y/Q)

AAAA
VDD
I Y

<1jojo> =
<11j0> = —VR=* el a/24m/2) y i (B/247/2) y ¢ii(7/2)
1) <opo> = 1
V1) <onos> = —1
V1) <ijoo> = ij
V1) <ijjos = —ij
Vi) <ojoo> = €Y VD<opios = /D
Vi) <optjo> = — €/Y V) <otos = — e//D
/) <1joj0> = — €Y % ed(7/2) VF)<1pojos = — €T/ x ed(=/4)
w)<1|1|0> = /) 5 (/2 w><1|1|0> = im/2) y pi(=7/4)
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G /4) oi(m/4)

W)<O\O|O> = . .
Vi7)<oj1jo> = — et(m/4) ei(m/4)
W)<1\0|0> = =T/ gi(=m/4)
Vi7)<1j1j0> = — et=m/4) 4 pi(=7/4)
13.2.2 {7

n=3

V7 = (VRw 01D 4 I B3 4 (i50/3)) . gilmht2mm)[3 . cilmkt2mp) /3
= R« 6i(7r-k:+27r~m)/3 * ej(ﬂ-k:+27r~p)/3

siln/3)
(i(2r/3) — i(n/3-m/3) _ (_1) 4 il-7/3)

et(37m/3) = (-1)

(iT/3) . GilBn/3+m/3)  _ (_1) 4 ¢ilm/3)

et(57/3) — i(3m/342m/3) ( 1) et@n/3) — gi(—=7/3)

Z)<olojo> = R

<oj1jo> = R x¢’ i2/3) = R % (—1) % (=7/3)

<oj2jo> = R = ¢’ /) = R« *(—1) * e! (/%)

<ojoji> = R % eI CT/3) = Rk (=1) % e/ 7/3)

<ojiji> = R/ * e (27/3) 4 i (27/3) — Ry i(=7/3) y @i(—=7/3)

= R % et47/3) 5 e1(27/3) — R/ 5 (—1) % e!(7/3) x eI 27/3) = R/ 4 £1(7/3) 4 ¢3(=7/3)
=R % ed3/3) = R x (1) % I(7/3)

= R % e//3) 5 eI(n/3) = R 5 (—1) % €/?7/3) 4 e1(7/3) = R % 1(=7/3) 4 ¢i(7/3)
R % et(47/3)  0i(47/3) — RI 4 oi(7/3) y £i(7/3)

AN A
o 2 9
2 o N

NN =

\/ \% \/

I

<0[2|12> =

<1jojo> = R #3513 = (/2) oja)a

<jos = = R % ez(7'r/3+27'r/3) *e](ﬂ'/S) = R« ei(Sﬂ'/S) " ej(ﬂ'/S) — R % ( 1) % el (n/3) — (\/>)<0‘0|2>

= R xet (m/3+4m/3) *ej(fr/?;) = R % ¢t (57/3) 4 ej(71'/3) = R« ( 1) % et i(27/3) 4 ej(ﬂ'/?)) _ (\/’)<0‘1|2>
= R w019 g (I (/320D Rl (/) 4 @GR/ — Rk (1) /D) = (97) <opapon

= R« ez(ﬂ/3+27r/3) * e](ﬂ'/3+27‘l’/3) — R« 62(371'/3) " 6](371’/3) — R = (%><0|0|0>

~ R« ez(ﬂ/3+47‘r/3) * e](ﬂ'/3+27'r/3) = R % ¢t i(57/3) 4 e](37T/3) R * ei(er/S) _ (%)<0‘1|0>

ANANERAN

===

= o N

= = o

\/ \ \/
Il

<1|2]1> —
<1jo)2> = R x ¢t i(m/3) % e](Tl'/3+47T/3) = R % ¢t i(m/3) % 6](571'/3) = R« (71) * 675(7r/3) % 6j(27r/3) —_ (\3/2)<0‘2|1>
<1j12> = R« ei(ﬂ/3+27‘l’/3) * ej(Tr/3+47r/3) = R % ei(3ﬂ'/3) " ej(57r/3) = R % ej(27r/3) — (\3/2)<0|0‘1>

= R« ei(ﬂ'/3+47‘l’/3) * ej(Tr/3+47r/3) — R« ei(5ﬂ'/3) " ej(57r/3) = R % ei(27r/3) % ej(27r/3) — (\3/E)<0|1‘1>

AN NN N NN N N/ NN N N N N N /N
w] W] x| vl 2] W] @] w] w N] W] W] vl 2] W] ] w
— \_/\_/V\_/\_/\_/\_/\_/\_/

<1]2|2>

copolos = VR e@/3) 5 ¢IB/3) x i3(1/3)
YT oi(/3-7/3) 4 0i(B/3) y ¢id(7/3)
coos = — VR # H/3T/D) 4 I(B/3) x (i (1/3)
co0is = — VR # He/3) 5 e (B/3-7/3) 4 oid(1/3)
— YR ef3) 4 (I (B/347/3) y cii(v/3)

— YR e@/37/3) 4 oi(B/3-7/3) 4 cii(v/3)

— YR ei@/37/3) 4 pi(B/3+/3) 4 cii(v/3)

copplis = Rk ei@/3T/3) 4 (I (B/37/3) 4 i (2/3)

YR % e @/347/3) . oi(B/3+7/3) 4 ii(v/3)

<o|1jo> = —

NSNS NP NP NS N NS N N
A
o
=]
)
Y
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14 Elementary functions

sin( i -¢) = i -sinh(9) sinh( 4 -¢) = i -sin(¢)
sin(j -¢) = j - sinh(¢) sinh( j -¢) = j -sin(¢)
cos( i -¢) = cosh(¢) cosh( i -¢) = cos(¢)
cos( j @) = cosh(¢)  cosh( j -6) = cos(d)
sin( ¢j -¢) = ij - sin(¢) sinh( éj -¢) = ij - sinh(¢)
cos(ij -¢) = cos(9) cosh(ij @) = cosh(¢)
14.1 sin

sin(a + tb) = a +ib

a = sin(a) * cosh(b)

)
b = cos(a) * sinh(b)

sin(z) = sin(a + ib + jc +ijd) = a +ib + jc+ijd

a= 1/2xsin (a—d) * cosh (b+¢) + 1/2 * sin (a+d) * cosh (b—c¢)
b= 1/2xcos (a—d) *sinh (b+c¢) + 1/2 * cos (a+d) = sinh (b—c¢)
c 1/2 x cos (a —d) = sinh (b+c¢) — 1/2 % cos (a+ d) * sinh (b—c)
d=—-1/2 xsin (a —d) * cosh (b+¢) + 1/2 *x sin (a+d) * cosh (b—c)
14.2 cos

cos(a +ib) = a+ib

a = cos(a) * cosh(b)

b = —sin(a) * sinh(b)

cos(z) = cos(a+ b+ je+ijd) = a+ib+ je+ ijd

a= 1/2xcos (a—d) *cosh (b+c) + 1/2 * cos (a+d) * cosh (b—c)
b=—-1/2xsin (a—d) *sinh (b+¢) —1/2 xsin (a+d) * sinh (b—c¢)
¢ =—-1/2 xsin (a—d) * sinh (b+¢) + 1/2 *x sin (a+d) * sinh (b—¢)
d=—1/2 % cos (a —d) * cosh (b+¢) + 1/2 * cos (a+d) * cosh (b—c)
14.3 sinh

sinh(a +ib) = a + ib

a = sinh(a) * cos(b)

b = cosh(a) * sin(b)

sinh(z) = sinh(a + b + je +ijd) = a + b+ jc + ijd

a= 1/2xsinh (a—d) % cos (b+¢) + 1/2 * sinh (a+d) * cos (b—c)
b= 1/2xcosh (a—d) *sin (b+¢) + 1/2 * cosh (a+d) * sin (b—c)
c 1/2 % cosh (a —d) * sin (b+¢) — 1/2 * cosh (a+d) * sin (b—c¢)
d=—1/2 xsinh (a —d) * cos (b+¢) + 1/2 * sinh (a+d) * cos (b—c¢)
14.4 cosh

cosh(a + ib) = a+ib

a = cosh(a) * cos(b)

b = sinh(a) * sin(b)

cosh(z) = cosh(a +ib + jec+ijd) = a+ib+ jec+ ijd

a= 1/2xcosh (a—d) * cos (b+c¢) + 1/2 * cosh (a+d) * cos (b—c)
b= 1/2xsinh (a—d) *sin (b+¢) + 1/2 * sinh (a+d) * sin (b—c¢)
c¢= 1/2xsinh (a—d) *sin (b+¢) — 1/2 * sinh (a+d) * sin (b—c)
d=—1/2 % cosh (a—d) * cos (b+c) + 1/2 * cosh (a+d) * cos (b—c¢)
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14.5 tan & Co.

tan(z) = sin(z) / cos(z)
cot(z) = cos(z) /sin(z)
tanh(z) = sinh(z) / cosh(z)
coth(z) = cosh(z) / sinh(z)
sec(z) =1/cos(z)
cosec(z) =1 /sin(z)
sech(z) =1/ cosh(z)
cosech(z) = 1 /sinh(z)

14.6 inverse functions < i >

asin(z) =m/2—i-In(z+V22—1) = —i-In(iz +V1 - 22)
acos(z) =i-In(z+v22—1)

asinh(z) = In (2 +v22 + 1)

acosh(z) = In (z +v22 — 1)

1 11—z 1 1+iz
¢ -4 S
atan(2) 2 n<i+z> 2 n(l—iz)
1 z+1 1 iz —1
t(z) =— 21 S
acot (z) 2 n(zz) 2 n(inrl)
1 1
atanh(z) = 3 In (1 +z)
1 1
acoth(z) = 2ln<zi_1)

14.7 normalized functions

nF(z) = F(z) / |F(2)]

nsin(z) = sin(z) / |sin(z)]
ncos(z) = cos(z) / | cos(z)]
ntan(z) = (z) / |tan(z)|
ncot(z) = cot(z) / | cot(z)]
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14.8 exp
exp(z) = % = ea+ib+jc+ijd — % % eib+jc+ijd

nexp(z) = e* / |e*| = etbtictisd

149 In
In(z) = In(R * e *tIBF+97) = In(R) + i + jB + ijy
Ln(z) = In(R)+i(a+m-k+2r-m)+j(B+m k+2m-p)+ijy

k=01
m=0,1,...
p =0,1,..

Ln(2)<0\0|0> = In(R) +ia + jB +ijy
Ln(z)<0\m|p> = ln(R) + i(a + 27 - m) + ](5 + 27 - p) + ijy
Ln(z)<ijmp> = In(R) +i(a+ 7+ 27 -m) + j(B + 7+ 27 - p) + ijy
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15 Alternative notation

z=a+ib+ jc+ijd = Rxelatibtiiy
z=ao-(L+1ij)/2+4bo-(i—j)/2+co-(L—ij)/2+do-(i+])/2

(1+ij)*(1+ij):1+ij+ij+1 = 2-(1+ij)
(I+ij)« (@ — j)=i—j—j+i = 2-(i—j)
I+4+d)*x(1l—-dj)=1—dj4+1—-1 = 0
I+ij)«(+ j)=i+j—j—1 = 0

(i — xA+ij)=i—j—j+i = 2-(i—j)
(i — j*0G — j)=-1-ij—ij—1=—2-(1+1ij)
(i — H*x1—dj)=i+j—7—1 = 0

(it — jHx@+ j)=-1+ij—ij+1= 0
1—-i)«x1+ij)=141—-ij—1 = 0
(i)« (i — j)=i-j+j—i = 0
1—-ij)x(1—-ij)=1—ij—ij+1 = 2 -(1—1j)
I—dj)« (i + j)=i+j+j+1 = 2-(i+7)
i+ jxQ+ij)=i—j+j—i = 0

i+ j)*@— j)=-1-dijj+1 = 0

i+ §)*x(1—ij)=i+j+j+i = 2-(i+7)
i+ J)*x(+ j)=—-14+ij+ij—1=—-2-(1-1ij)
15.1

a:(a0+c())/2

b= (do+ bo) /2

c=(dy—bo) /2

d = (ap — co) / 2

ag=a +d

b():b—C

co =a—d

dy=b+c

15.2

R if+ ) @+ ) = ([ (0+ )"+ (0-0) « (=) + (0+0))

2 b2
Wzllnmzlln(‘”d)
Lo(g+dy) 4 (a—d)

1
a=— [arg(ao,bo) + arg(co,do)] =5 [arg(a—i—d,b— c) + arg(a — d,b—i—c)]

B8== [arg(co,do) - arg(ao,bo)] = % [arg(a —d,b+ c) — arg(a +d,b— c)]

arg (z,y) = arctan (y, z) = arctan (y : ) = arctan (y/x)

15.3
ap=a+d= Rxe™ % cos (o — )
bp =b —c=Rxe™ % sin (o — )
cg =a—d=Rx*xe 7 xcos (a« + )
dy=b+4+c=Rx*xe ™ % sin (o + )

Rxet™ :\/a%—l—bQ Z\/(a+d)2+(b—c)2

Rxe™? :\/c%—i-d% :\/(a—d)2+(b+c)2

a—fp = arg(ao,bo) = arg(aer,bf c)
a+p = arg(co,do) = arg(a —d,b+ c)
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16 Dimension reduction

w=(a+ib)+j-(c+id) =r*e?+j-p*e?
b=1v =
w=a+i-b+j-c+ij-d=(x,y,2)
RP=a?+0V+A+d? =z +y*+2°

16.1 xy:z<<-->

2=z /2 +y?

16.1.1 xy:z<ab>

w=(z+iy)+j-(x+iy) 2" =@+iy)+j-(x+iy)-z/Va>+y°
w=x+1- y—i—sz/\/xQ—&—y +ijoy-z/Va2+yl=a+i-b+j-c+ij-d
a==zx T=a

b=y y==5b

c=x-z/\2%+y>? z=c-Va2+b /a

d=y-z//x?+y? z=d-vVa2+b*/b

r=y= a=x b=y c=sign(z) z/vV2 d=sign(y)-z/v2
tang =tany =y / x
16.1.2 xy:z<cd>
w=(z+iy) 2 +j-(z+iy) =(@+iy) -2/ V> +y* +j- (x+1iy)

w=x-z/Vx2+y:+i-y-z/J2+y +ijr+ijy=a+i-b+j-c+ij-d

a=2x-z/\2%+y>? x=c
b=y -z/x?+y? y=d
c==x z=a-vVc¢2+d*/c
d=1y z=b-V2+d?/d

r=y= a=sign(r) z/vV2 b=sign(y)-z/vV2 c=x d=y
tang =tany =y / x

16.1.3 xy:z<ba>

w=(y+iz)+j- (y+iz) 2 =y+ir)+j-(y+iz) z/vx2+y
w=y+i-x+j-y- z/\/x2+y +ijrx-z/ N +yi=a+i-b+j-c+ij-d
a=y r=>

b=z y=a

c=y-z/Vx?+y? z=c-Vat+b/a

d=x-z/\2%2+y>? z=d-vVa2+b /b

r=y= a=y b=z c=sign(y) 2z/vV2 d=sign(z)-z/v2
tang =tany =z /y

16.1.4 xy:z<dc>
w=(y+iz) 2" +j-(y+iz)=(y+iz) -z /2> +y* +j (y+ix)

w=y-z/V2+y +i-x-z/J2+y:+jytijr=a+i-b+j-c+ij-d

a=y-z/\/x?+y? z=d
b=x-z/\22+y? y=-c
c=uy z=a-Vt+d*/c
d==z z=b-V2+d?/d

r=y= a=sign(y) 2/vV2 b=sign(z)-2/vV2 c=y d==z

tang =tany =x /y
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16.1.5 xy:z<ac>

w=(x+jy)+i-(@+jy)-2'=@+jy) +i-(x+jy)-z/ 2> +y?
w=x+i-z-z/\2+y2+j-y+ij-y-z/JrP+y:=a+i-b+j-c+ij-d

a=2x r =a
b=ux-2/\2?2+y? y=c
c=y z=b-Va2+0?/a
d=y-z/\x%+y> z=d-Va>+b/c

r=y= a=x b=sign(z)-2/vV2 c=y d=sign(y)-z/v2
tan¢ = tant) = z / /a2 + y?
16.1.6 xy:z<ca>

w=(y+jz) +i-(y+jo) -2 = (y+jo)+i-(y+jz) -2/ /a2 + 2

w=y+i-y-z/ 2+ +jc+ijox-z/J2+yP=a+i-b+j-c+ij-d
a=y T =c
b=y-z//x?+y? y=a
c=2x z=b-vVa?+b/a
d=xz-z/+\/2%2+y>? z=d-Va>?+b/c

r=y= a=y b=sign(y) -2/V2 c=x d=sign(z) z/v2

tan ¢ = tant) = z / /a2 + y?

16.1.7 xy:z<bd>

w=(z+jy) -2 +i-(x+jy) = (@+jy) -2/ Va* +y* +i-(z+]y)
w=z-z/\J2+y t+ix+j-y-z/VaP+y:+ijy=a+i-b+j-c+ij-d

=x-z/\/22+y? z =0

a
b==x y=d

c=y-z//x?2+y? z=a-Vc2+d*/b
d=y z=c-Vt+d*/d

r=y= a=sign(x) -z/vV2 b=z c=sign(y)-z/vV2 d=y
tan¢g = tant) = /22 +y2 / 2

16.1.8 xy:z<db>
w=(y+jz) -2 +i - (y+jr)=(y+jz) -z /2 +y?+i-(y+jz)

w=y-z/\e+y:t+iy+j-z-z/ 2+ y:t+ijr=a+i-b+j-c+ij-d

b=y y=>=
c=x-z/\22+y? z=a-VcZ+d?>/b
d==x z=c-VcZ2+d?>/d

r=y= a=sign(y)-2/vV2 b=y c=sign(z) -z/vV2 d==z

tan¢g = tany) = /a2 +y2 / 2
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16.2 yz:x<->

¥ =ux/\y?+ 22

yz:x<ab> w=(y+iz)+j (y+iz) -2
yzrx<cd> w=(y+iz) - +j-(y+iz)
yzix <ba> w=(z+iy)+j-(z+1y)- 2’
yzix <dc> w=(z+1iy) -2’ +j-(z+1y)
yz:x<ac> w=(y+jz)+i-(y+jz)-o
yzrx<ca> w=(z+jy)+i-(z+7y) 2
yz:x<bd> w=(y+jz)-a'+i (y+j2)
yz:x<db> w=(z+4jy) -2’ +i-(z+jy)
16.3 zxiy<->

Y=y VTR

zxiy<ab> w=(
zriy<ed> w=(
zxiy <ba> w=(
iy <dec> w=(
zx 1y < ac> wz(x—i—jz)
zxiy<ca> w=(z+jx)
zriy <bd> w=( )
( )

zriy<db> w=(z+jx)-
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17 Dimension reduction: xy:z<<ab>

w=(a+i-b)+j-(c+i-d)=rxe®+j pxe?

b=1
w=z+i-yt+jr-z/ Rty tijeoy-z/a?+y?
a=zx r=a

b=y y==5

c=x-z/\2%+y>? z=c-Va*t+b/a
d=y-z//x%2+y? z=d-Va2+b /b

r=y#0= a=x b=y c=sign(z)-z/vV2 d=sign(y)- z/v2

z=y=0= a=0 b=0 cdéfz/\/i ddéfz/\/i
d=c-2
r T-y-z
a-d=bc= Y2
Va2 4 y?
a+d=(z 2+ y2 +y-2) [ V2 +y?

( )/

a—d= (-2 +y? —y-2)/
= -vVat+y? +x-2) /a2 +y?

= Val+y? —x-2)/

tang =tany =y / x

17.1 Conjugate

w = (a+1ib)+ j(c+id) =a+ib+ jc+ijd
W;; = (a—ib) — j(c—id) = a —1ib— je+1ijd

wxw; =R2=a?>+ 0+ +d* =2 +y* + 22

17.2 Exponential form

w = (a+ib) +jlct+id) =r*e?+j pxe¥
w = |w| % OFTIBHIT = R x glotiBiiy

¢=1

7=0

w = |w| * 1P = Rx e *tI8 = Rx (cosa + isina) * (cos B + jsin )

- cosa - cosf3
-sina - cos 8
-cosa - sinf3
-sina - sinfg

Qo oo
I
=vli~vlisviliay

RR=a? 402+ +d? =224 42+ 22

h— R R
tan(a — ) = c_yvr Ay -re = arg(a+d,b—c)

a+d x.,/x2+y2+y.z
b . 2 2 .

tan(a + ) = te_yvrty v = arg(a — d,b+¢)
a_d T - x2+y2_y.z
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